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Abstract
In the previous paper arXiv:1711.07122, we show that a holomorphic zero-mode wave func-
tion in abelian Chern-Simons theory on the torus can be considered as a quantum version
of a modular form of weight 2. Motivated by this result, in this paper we consider an action
of a Hecke operator on such a wave function from a gauge theoretic perspective. This leads
us to obtain some physical views on the Hecke operators in number theory.
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1 Introduction
It has been known for a long time that holomorphic part of zero-mode wave functions in
abelian Chern-Simons (CS) theory on the torus can be expressed in terms of a Jacobi theta
function in the context of geometric quantization [1, 2, 3]. (For foundations of the geometric
quantization, see, e.g., [4, 5, 6].) Since any complex functions on the torus can, by definition,
be expressed in terms of elliptic functions, this result sounds natural. Indeed it is well-
known that the so-called Jacobi elliptic functions can be defined in terms of the Jacobi theta
functions. Strictly speaking, however, the resultant form of the holomorphic wave function
is not invariant under doubly periodic translations. This implies that we can not make a
smooth transition from classical functions on the torus to quantum wave functions on the
same manifold. One may interpret this matter as a reflection of ambiguities buried in a
quantization process. We would, however, expect to make a quantization such that the
doubly periodicity also holds in the quantum wave function. In fact, such a quantization has
been reported previously by the author [7, 8]. One of the main purposes of this paper is to
deriver a detailed review of this quantization procedure.
In order to clarify the issue, we now state some technical aspects of the situation as
follows. In the geometric quantization the transition from a classical theory to a quantum
counterpart is realized by imposing a polarization condition on a prequantum wave function
parametrized by canonical coordinates on a symplectic manifold. The polarization condition
can straightforwardly be implemented by use of holomorphicity if the symplectic manifold
also holds complex structure, that is, the manifold is Ka¨hler. This is relevant to the present
case since the tours is a Ka¨hler manifold. The holomorphic coordinates (z, z¯) of the tours
are therefore a suitable choice to parametrize wave function. This choice is, however, not
compatible with a classical picture of the doubly periodic functions which are basically
parametrized by Rez and Imz. This is a main reason for the above-mentioned discrepancy
between classical and quantum wave functions on the torus. The discrepancy may be solved if
we describe the prequantum wave function in terms of Rez and Imz. Upon the quantization,
however, we need to introduce the holomorphic coordinates (z, z¯) otherwise we can not
suitably impose the polarization condition. We thus need to define the wave function in
accord with these requirements. This is exactly what we shall carry out in section 3 of the
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present paper.
This paper is also motivated by an interest in applications of quantum field theory to
number theory. According to the modularity theorem, or the formerly-called Taniyama-
Shimura-Weil conjecture, an elliptic curve over rational number Q and a modular form of
weight 2 are in one-to-one correspondence at the level of L-functions. On the other hand, the
elliptic curves, extended to the field of complex number C, can be described by the elliptic
functions, as typically represented by the Weierstrass ℘ function. As mentioned above the
very elliptic functions can be considered as complex functions on the torus. These interre-
lations at least suggest a possibility to connect the holomorphic zero-mode wave functions
in abelian CS theory on the torus with the modular forms weight 2. For introduction to
the modular forms and related subjects such as elliptic curves and L-functions, see, e.g.,
[9, 10, 11, 12, 13]. The online database [14] on the L-functions and the modular forms is
also useful.
Partly motivated by these thoughts, in the previous paper [15] we argue that the holo-
morphic zero-mode wave function can quantum theoretically considered as the modular form
of weight 2. Another purpose of the present paper arises from a natural extension of this
result, that is, we like to make use of this result so as to find a physical perspective on a
problem in number theory. Particularly, we are interested in a physical interpretations of a
Hecke operator acting on the modular forms. In the literature, physical views on the Hecke
operator have been considered previously. In [16] it is discussed that finding simultaneous
eigenvectors of the Hecke operator is analogous to determining simultaneous eigenfunctions
of a hermitian operator in quantum mechanical systems; in particular, connection between
eigenvalues of the Hecke operators and spectra of hermitian random matrices at a certain
limit has been suggested. The Hecke operators also appear in the study of elliptic genera in
superconformal field theories [17, 18] as well as in the context of the geometric Langlands
program [19]. These topics are beyond the scope of this paper; we here simply focus on
an interpretation of the Hecke operator as a hermitian operator acting on the holomorphic
zero-mode wave function in abelian CS theory on the torus.
The organization of this paper is as follows. In the next section we review the geometric
quantization of abelian CS theory on the torus, following Nair’s formulation [2, 3]. In section
3, as mentioned above, we show that the holomorphic zero-mode wave function can obey the
doubly periodic condition when the level number of the abelian CS theory is even. We derive
this relation by imposing gauge invariance on the zero-mode wave function where the gauge
transformations are induced by the doubly periodic translations of the zero-mode variable. In
section 4 we review main results in the previous paper [15]. In section 5 we briefly introduce
some basic facts on the Hecke operators and the L-functions for the modular forms, including
related topics such as level N congruence subgroups of the modular group and corresponding
L-functions. We then consider how the Hecke operators act on the holomorphic wave function
constructed in section 3. We argue that the action of the Hecke operator can be interpreted
as a sum over the above-mentioned gauge transformations of the holomorphic wave function.
This automatically explains that the holomorphic wave function is an eigenform of the Hecke
operator. We argue that the notion of the level which is inherent in the modular forms also
appears in the holomorphic wave function. Other speculative physical views on the Hecke
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operators are also discussed in this section. Lastly, in section 6 we present brief conclusions.
2 Geometric quantization of abelian CS theory on the
torus
In this section we briefly review geometric quantization of abelian Chern-Simons (CS) theory
on the torus, following [1, 2, 3]. The geometric quantization is carried out on the zero-mode
part of the abelian CS gauge field. A guiding concept of the quantization is a Ka¨hler form of
the torus on which the zero-mode variable is defined. In the following we see that all the key
ingredients of the geometric quantization, such as a Ka¨hler potential, a symplectic potential
and a zero-mode wave function, can be derived from the Ka¨hler form.
The torus can be described in terms of two real coordinates ξ1, ξ2, satisfying the peri-
odicity condition ξr → ξr + (integer) where r = 1, 2. In other words, ξr take real values in
0 ≤ ξr ≤ 1, with the boundary values 0, 1 being identical. Complex coordinates of the torus
can be parametrized as z = ξ1 + τξ2 where τ ∈ C is the modular parameter of the torus.
By definition, we can impose the doubly periodic condition on z. Namely, functions of z are
invariant under the doubly periodic translations
z → z +m+ nτ (2.1)
where m and n are integers. Notice that we can absorb the real part of τ into ξ1 without
losing generality. In the following, we then assume Reτ = 0, i.e.,
τ = Reτ + iImτ = iImτ := iτ2 (2.2)
with τ2 > 0.
The torus has a holomorphic one-form ω = ω(z)dz, satisfying∫
α
ω = 1 ,
∫
β
ω = τ = iτ2 (2.3)
where the integrals are made along two non-contractible cycles on the tours, which are
conventionally labeled as α and β cycles. The one-form ω is a zero mode of the anti-
holomorphic derivative ∂z¯ =
∂
∂z¯
. We can assume ω(z) = 1. In terms of ω the gauge potential
of CS theory on the torus can be parametrized as
Az¯ = ∂z¯θ +
πω¯
τ2
a (2.4)
where θ is a complex function θ(z, z¯) and a is a complex number corresponding to the value
of Az¯ along the zero mode of ∂z. The abelian gauge transformations can be represented by
θ → θ + χ (2.5)
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where χ is a complex constant or a phase factor of the U(1) theory. With a suitable choice
of χ we can parametrize the gauge potential solely by the zero-mode contributions, a and
its complex conjugate a¯:
Az =
πω
τ2
a¯ , Az¯ =
πω¯
τ2
a . (2.6)
Since the complex variable a is defined on the torus it is natural to require that physical
observables of the zero modes are invariant under the doubly periodic translations
a → a+m+ inτ2 (2.7)
where m and n correspond to the winding numbers along the α and β cycles, respectively.
It is known that the complex torus can be embedded into a complex projective space, that
is, the zero-mode variable a may satisfy the scale invariance
a ∼ λ a (2.8)
where λ is a complex constant.
Geometric quantization as a Ka¨hler-form program
All the important ingredients in geometric quantization of abelian Chern-Simons theory
on the torus are derived from a Ka¨hler form of the torus parametrized by the zero-mode
variable a. From (2.6) the zero-mode Ka¨hler form is defined as
Ω(τ2) =
l
2π
da ∧ da¯
∫
z,z¯
πω¯
τ2
∧ πω
τ2
= i
πl
τ2
da ∧ da¯ (2.9)
where the integral is taken over dzdz¯ and l is the level number associated to the abelian
Chern-Simons theory. We here use the normalization of ω and ω¯ given by∫
z,z¯
ω¯ ∧ ω = i2τ2 . (2.10)
A Ka¨hler potential K(a, a¯) associated with the zero-mode Ka¨hler form Ω(τ2) is defined as
Ω(τ2) = i∂∂¯K(a, a¯) (2.11)
where ∂, ∂¯ denote the Dolbeault operators. The is definition leads to
K(a, a¯) =
πl
τ2
aa¯+ u(a) + v(a¯) (2.12)
where u(a) and v(a¯) are purely holomorphic and anti-holomorphic functions, respectively.
These functions represent ambiguities in the choice of K(a, a¯).
A symplectic potential (or a canonical one-form) A(τ2) corresponding to the Ka¨hler form
Ω(τ2) is defined as
Ω(τ2) = dA(τ2) . (2.13)
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In the program of geometric quantization a quantum wave function Ψ[Az¯] generally sat-
isfies the so-called polarization condition(
∂a¯ +
1
2
∂a¯K
)
Ψ[Az¯] = 0 (2.14)
where K = K(a, a¯) is the zero-mode Ka¨hler potential in (2.12). The polarization condition
leads to the specific form
Ψ[Az¯] = e
−K
2 ψ[Az¯] (2.15)
where ψ[Az¯] is a holomorphic function of Az¯. In the present case the physical variables are
given by a and a¯ so that the wave function can be expressed as
Ψ[Az¯] := Ψ[a, a¯] = e
−
K(a,a¯)
2 f(a) (2.16)
where f(a) is a function of a. We call f(a) a holomorphic zero-mode wave function. Notice
that we here define Ψ[a, a¯] with K(a, a¯) including the above-mentioned ambiguities in its
choice.
An inner product of the zero-mode wave functions Ψ[a, a¯] in (2.16) can be expressed as
〈Ψ|Ψ′〉 =
∫
dµ(a, a¯) Ψ[Az¯]Ψ
′[Az¯]
=
∫
dµ(a, a¯) e−K(a,a¯) f(a)f ′(a) (2.17)
where f(a) is the complex conjugate of f(a) and dµ(a, a¯) denotes the integral measure of
the zero-mode variable on the torus. The meaning of the integral is therefore the same as
those in (2.9) and (2.10).
3 Double periodicity in holomorphic wave functions
Since the zero-mode variable a is defined on the torus, the holomorphic zero-mode wave
function f(a) is expected to be invariant under the doubly periodic translations a → a +
m+inτ2 (m,n ∈ Z). Indeed, as shown in [7, 8], we can argue that such an expectation is true
for l ∈ 2Z. To be more specific, a gauge invariance condition on the zero-mode wave function
Ψ[a, a¯] with certain choices of A(τ2) and K (where the gauge transformations are induced by
the doubly periodic translations) leads to the relation f(a+m+ inτ2) = e
ipilmnf(a). In this
section we shall carry a careful review of this relation.
Change of variables and the symplectic structure of the torus
From our setting τ = iτ2 in (2.2), the complex coordinate z on the torus is written as
z = ξ1 + iτ2ξ2. It is then useful to choose coordinates on the torus as z1 := z¯ − z = −2iτ2ξ2
and z2 := τ z¯− τ¯ z = 2iτ2ξ1 so that we can parametrize the torus in terms of the real variables
along the non-contractible cycles. This parametrization does not mean that the torus loses
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the complex structure, of course. It is, however, useful to connect the coordinates directly
to the doubly periodic transformations in (2.1). In fact, this parametrization corresponds to
a conventional definition of a double periodic complex function; f(x, y) = f(x +m, y + n)
where z = x+ iy and m,n ∈ Z.
We then reparametrize the complex zero-mode variables (a, a¯) by
a1 = a¯− a , (3.1)
a2 = τ a¯− τ¯ a = iτ2(a¯+ a) . (3.2)
Notice that a1 = −i2(Im a), a2 = i2τ2(Re a). These variables essentially represent the real
and imaginary parts of the complex variable a. In terms of these the integral measure
dµ(a, a¯) may be expressed as d(Re a)d(Im a). On the other hand, the complex structure of
the torus and, hence, a holomorphic quantization program should be described in terms of
(a, a¯). Thus, for the sake of the geometric quantization, per se, it is not appropriate to use
the variables (a1, a2). In other words, for the construction of zero-mode wave functions we
still need to keep using the polarization condition (2.14). As seen in a moment, we can,
however, express a symplectic two-form of the torus in terms of (a1, a2). A corresponding
symplectic potential and an analog of the Ka¨hler potential can then be expressed in terms
of (a1, a2). This suggests that at least at a level of choosing the Ka¨hler potential (2.12) we
can use the canonical coordinates (a1, a2). In what follows we shall clarify these points by
reviewing some results in [7, 8].
In terms of (a1, a2) the zero-mode part of the abelian CS gauge potentials are written as
Aξ1 =
πω2
τ2
a1
τ2
, Aξ2 =
πω1
τ2
a2
τ2
(3.3)
where the associated one-forms ω1, ω2 are defined as
ω1 =
dz1
2i
= −τ2dξ2 , ω2 = dz2
2i
= τ2dξ1 . (3.4)
The normalization for ω1 and ω2 can be given by∫
z,z¯
ω1
τ2
∧ ω2
τ2
= 1 . (3.5)
In terms of these the holonomies of the torus (2.3) are simplified as∮
αr
ωs = ǫrs τ2 (3.6)
where ǫrs (r, s = 1, 2) denotes the rank-2 Levi-Civita symbol and α1, α2 correspond to the
α and β cycles, respectively.
A zero-mode symplectic two-form is then expressed as
Ω(τ2) =
l
2πτ 22
da1 ∧ da2
∫
z,z¯
πω2
τ2
∧ πω1
τ2
= − πl
2τ 22
da1 ∧ da2 . (3.7)
7
The corresponding symplectic potential (or the canonical one-form) can be written as
A(τ2) = πl
4τ 22
∫
z,z¯
(
ω2a1
τ2
∧ ω1
τ2
da2 − ω1a2
τ2
∧ ω2
τ2
da1
)
= − πl
4τ 22
(a1da2 + a1da2) . (3.8)
The explicit form of the symplectic two-form Ω(τ2) in (3.7) means that a1 and a2 can be
served as canonical coordinates of the torus. Although these are not complex conjugate to
each other, it is suggestive that we can define an analog of a Ka¨hler potential corresponding
to Ω(τ2) in (3.7):
W (a1, a2) = i
πl
2τ 22
a1a2 = − πl
2τ2
(a¯2 − a2) . (3.9)
This is in a form of separation of holomorphic and antiholomorphic parts. We are thus
allowed to rewrite the Ka¨hler potential K(a, a¯) in (2.12) as
K(a, a¯) = K0 +W + u+ v¯ (3.10)
where
K0 =
πl
τ2
aa¯ , W = W (a1, a2) , u = u(a) , v¯ = v(a¯) . (3.11)
As before, u(a) and v(a¯) denote holomorphic and antiholomorphic functions, respectively.
The zero-mode wave function (2.16) is written as
Ψ[a, a¯] = e−
K0+u+v¯
2 F [a, a¯] (3.12)
where
F [a, a¯] = e−
W
2 f(a) . (3.13)
The inner product (2.17) is then expressed as
〈Ψ|Ψ′〉 =
∫
dµ(a, a¯) e−(K0+u+v¯) f(a)f ′(a) (3.14)
where we use F [a, a¯] = e
W
2 f(a), F ′[a, a¯] = e−
W
2 f ′(a). The wave function F [a, a¯] is relevant
to the choice of the symplectic form Ω(τ2) in (3.7) or the choice of the canonical coordinates
(a1, a2). The factor of e
−W
2 in (3.13) is then appropriate one in the definition of F [a, a¯]. We
now argue on this point briefly.
If we consider the Ka¨hler form in (2.9), the potential W can be absorbed into the ambi-
guities in the choice of the Ka¨hler potential since, as explicitly shown in (3.9), W is given
in a form of separation of holomorphic and antiholomorphic parts. On the other hand, in
terms of (a1, a2) the potential K0 can be expressed as
K0 =
πl
τ2
aa¯ = − πl
4τ2
[
a21 +
(
a2
τ2
)2]
. (3.15)
Thus it is given in a form of u(a1) + v(a2) as well. This implies that W (a1, a2) = i
pil
2τ2
a1a2
in (3.9) is considered to be a counter part of K0 =
pil
τ2
aa¯ in the (a1, a2) representation. As
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mentioned elsewhere, (a1, a2) are canonical coordinates of the phase space of interest whose
symplectic form is given by (3.7). Thus, classically, we can describe physical observables in
terms of (a1, a2). As far as the Ka¨hler potential and the symplectic potential are concerned,
we can then define these in terms of (a1, a2). Quantum theoretically, however, we need to
impose the polarization condition (2.7) on the zero-mode wave function. We therefore require
that f(a) as defined in (3.12, 3.14) should be a holomorphic function of a.
Gauge transformations induced by doubly periodic translations
As mentioned earlier, holomorphic functions on the torus in general obey the double
periodicity condition. Thus we can naturally assume f(a) = f(a + m + inτ2). In what
follows, we show how this assumption can be understood by imposing an invariance on the
wave function F [a, a¯] = e−
W
2 f(a) under a gauge transformation of A(τ2) in (3.8) where the
gauge transformation is induced by the doubly periodic translations a→ a +m+ inτ2.
Under a→ a+m+ inτ2, a1 and a2 vary as
a1 → a1 − 2inτ2 , a2 → a2 + 2imτ2 . (3.16)
The symplectic potential (3.8) transforms as
A(τ2) → A(τ2) + dΛm,n (3.17)
where
Λm,n = −i πl
2τ2
(ma1 − na2) . (3.18)
The gauge invariance of the wave function F [a, a¯] = e−
W
2 f(a) is then realized by the relation
eiΛm,nF [a, a¯] = F [a+m+ inτ2, a¯+m− inτ2] . (3.19)
Explicit forms of the left and right-hand sides are given by
(l.h.s) = exp
[
πl
2τ2
(ma1 − na2)− i πl
4τ 22
a1a2
]
f(a) , (3.20)
(r.h.s) = exp
[
−i πl
4τ 22
(a1 − 2inτ2)(a2 + 2imτ2)
]
f(a+m+ inτ2) . (3.21)
The gauge invariance condition (3.19) thus leads to the relation
eipilmnf(a) = f(a+m+ inτ2) . (3.22)
The consequence of the gauge invariance (3.19) is the following; the holomorphic zero-mode
wave function f(a) is invariant under a → a + m + inτ2, given that the level number l is
quantized by even integers, i.e.,
l ∈ 2Z . (3.23)
This level-number quantization condition has been known for the abelian CS theory on
the torus [1, 2]. The relation (3.22) was first reported in [7] and further developed in [8]
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but in these papers the ambiguities in the choice of the Ka¨hler potential has not been
carefully treated. We here argue that the use of the particular wave function F [a, a¯] in
(3.13) appropriately leads to the relation (3.22).
Lastly, we would like to comment on the irreducibility of the symplectic potential A(τ2) =
− pil
4τ22
(a1da2 + a1da2). in (3.8). As mentioned before, a1 and a2 can serve as the canonical
coordinates of a physical system. So it may be possible to impose a “polarization” condition
on this A(τ2). The doubly periodic translations, however, involve the both winding numbers
(m,n), corresponding to the variations of a2 and a1, respectively, as shown in (3.16). Thus,
in order to express the gauge transformation (3.17) such that these winding numbers are
impartially treated, we need to define A(τ2) in terms of both a1 and a2 explicitly. In this
sense (3.8) provides an irreducible representation for the symplectic potential whose gauge
transformations are induced by the doubly periodic translations.
4 Holomorphic wave functions as modular forms of
weight 2
In this section we briefly present the main results in the previous paper [15]. The upshot
of the previous paper is that under the modular S- and T -transformations a holomorphic
zero-mode wave function f(a) in abelian Chern-Simons theory on the torus varies as
S : f
(
−1
a
)
= a2f(a) , (4.1)
T : f(a+ 1) = f(a) , (4.2)
given that f(a) is quantum theoretically characterized by the operative relation
∂
∂a
f(a) =
πl
τ2
a¯ f(a) (4.3)
and the inner product of the zero-mode wave functions
〈Ψ|Ψ′〉 =
∫
dµ(a, a¯) e−K(a,a¯) f(a)f ′(a) (4.4)
where the zero-mode wave function is defined as Ψ[a, a¯] = e−
K(a,a¯)
2 f(a). The operative
relation (4.2) is guaranteed as long as the Ka¨hler potential is given in the form of K(a, a¯) =
K0+u(a)+ v(a¯) where K0 =
pil
τ2
aa¯. Notice that our choice (3.10) in the previous section falls
within this form.
The modular transformations of our interest are generated by
S : (a, τ2) →
(
−1
a
,
τ2
|a|4
)
, (4.5)
T : (a, τ2) → (a+ 1, τ2) . (4.6)
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These imply that the quantity |da|
2
τ2
, or the number density of the zero modes per unit area,
is preserved under the modular transformations of a. Note that under the S-transformation
the area element dada¯ changes as |da|2 → |da|2
|a|4
. Thus from (4.5) we find that the number
density |da|
2
τ2
is preserved under the S-transformation. The modular T -invariance of the
number density is obvious.
Basics of modular forms
We review some basic facts on the modular forms. In general, the modular form f(z) of
weight k is defined by
f
(
αz + β
γz + δ
)
= (γz + δ)kf(z) (4.7)
where α, β, γ, δ are matrix elements of the modular group
SL(2,Z) =
{(
α β
γ δ
)∣∣∣∣ α, β, γ, δ ∈ Z, αδ − βδ = 1} := Γ . (4.8)
The modular forms are defined on the upper-half plane H = {z ∈ C | Im z > 0}. Accordingly,
to be rigorous, the modular group is defined as PSL(2,Z) := SL(2,Z)/{±I}, with I the
identity matrix. The fundamental domain F for the action of SL(2,Z) generators on H is
given by
F =
{
z ∈ C
∣∣∣∣ Im z > 0, |z| ≥ 1, |Re z| ≤ 12
}
. (4.9)
The generators of the modular group is given by
(
1 1
0 1
)
and
(
0 −1
1 0
)
. The definition
of the modular form in (4.7) is then obtained from the conditions
f(z + 1) = f(z) , (4.10)
f
(
−1
z
)
= zkf(z) . (4.11)
The first condition simply means that f(z) can be expressed in a form of the Fourier expan-
sion
f(z) =
∞∑
n=0
an q
n (4.12)
where q = ei2piz and an is the Fourier coefficient. If a0 = 0, the modular form f(z) is called
the cusp form. The vector space formed by the cusp forms of weight k is denoted by Sk(Γ),
i.e.,
Sk(Γ) :=
{
f : H→ C
∣∣∣∣∣ f
(
−1
z
)
= zkf(z), f(z) =
∞∑
n=1
an q
n
}
. (4.13)
Let f(z), g(z) ∈ Sk(Γ), then the Petersson inner product is defined as
〈f, g〉 = 1
volF
∫
F
f(z)g(z) yk
dxdy
y2
(4.14)
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where z = x+ iy. Notice that this inner product represents a manifestly modular invariant
integral.
From (4.1, 4.2) and (4.10, 4.11) we can quantum theoretically identify f(a) as a modular
form of weight 2. Consequently, we may define the zero-mode variable on the fundamental
domain F in (4.7). The inner product of the zero-mode wave functions (2.17) can then be
rewritten as
〈Ψ|Ψ′〉 =
∫
dµ(a, a¯) e−K(a,a¯) f(a)f ′(a)
→ 1
volF
∫
F
d(Re a)d(Im a) e−K(a,a¯) f(a)f ′(a) (4.15)
where we express the the integral measure dµ(a, a¯) as d(Re a)d(Im a) in the second line. This
inner product can be considered as a quantum version of the Petersson inner product (4.14)
for the modular forms of weight 2.
5 Physical views on the Hecke operators
Basics on the Hecke operators
We now introduce basic ideas of Hecke operators acting on the modular forms of weight
k, following mathematical textbooks, e.g., [9, 10, 11, 12, 13]. In order to define the Hecke
operators it is useful to view the modular forms as functions on complex lattices. Let f(L)
be a function on a lattice L in C. Then a Hecke operator Tm acting on f(L) is defined as
Tm f(L) =
∑
[L:L′]=m
f(L′) (5.1)
where the sum is taken over all sublattices L′ ⊂ L of index m. Note that a sublattice L′ ⊂ L
has index m if the quotient L/L′ has order dividing m so that mL ⊂ L′ ⊂ L and
L′/mL ⊂ L/mL = (Z/mZ)2 . (5.2)
This means that the sublattices of index m correspond to the subgroups of order m in
(Z/mZ)2. If m is a prime number p, there are p+1 such subgroups, since the number of the
subgroups corresponds to the number of nonzero vectors in Fp modulo scalar equivalence,
and there are (p2 − 1)/(p− 1) = p+ 1 such vectors [12].
It is known that there is a one-to-one correspondence between sublattices L′ ⊂ L of index
m and matrices
(
α β
0 δ
)
with α, β, δ ∈ Z, αδ = m and 0 ≤ β ≤ δ − 1; for details and a
proof, see [12]. The choice of the index-m sublattices is then reduced to that of the matrix
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elements in the above matrix with determinant m. By use of this fact, one finds that the
Hecke operator acting on f(z) ∈ Sk(Γ) can be defined as
Tmf(z) = m
k−1
∑
αδ=m
δ−1∑
β=0
δ−kf
(
αz + β
δ
)
=
∞∑
n=1
 ∑
α|(m,n)
αk−1 amn
α2
 qn (5.3)
where the Fourier expansion of f(z) =
∑
n≥1 anq
n is given by (4.13) with q = ei2piz, and
(m,n) denotes gcd(m,n). This means that the Hecke operator Tm preserves the space of
modular forms of a given weight, Tm : Sk(Γ) → Sk(Γ). When the index m is prime m = p,
the above expression simplifies as
Tp f(z) =
∞∑
n=1
(
apn + p
k−1 an
p
)
qn . (5.4)
The Hecke operator forms an abelian algebra
Tm Tn = Tn Tm =
∑
α|(m,n)
αk−1 Tmn
α2
(5.5)
From this relation we find TmTn = TnTm = Tmn if (m,n) = 1. Suppose f(z) ∈ Sk(Γ) is
a simultaneous eigenfunction of the Hecke operators Tm for all m = 1, 2, · · · , i.e., if there
exists a set of eigenvalues λm such that
Tm f(z) = λm f(z) , (5.6)
then the following form of a Dirichlet series can be expressed as an Euler product:
L(s, f) =
∑
n≥1
λn n
−s
=
∏
p:prime
1
1 − λp p−s + pk−1−2s (5.7)
where s ∈ C. This function of s is called the L-function of the modular form f(z).
As described in (4.14), the vector space of the cusp forms f(z), g(z) ∈ Sk(Γ) has the
Petersson inner product 〈f, g〉. It is well known that in terms of this inner product the
Hecke operator Tm is a hermitian operator; see [9] for details. In other words, we have
〈Tmf, g〉 = 〈f, Tmg〉 and, accordingly, the eigenvalue is a real constant λm ∈ R. In fact, from
(5.3) and (5.6) we can show that
λm = am (5.8)
with the normalization of f(z) by a1 = 1. This can easily be seen by expanding Tmf(z) =
λmf(z) as Tmf(z) =
∑
n≥1 bnq
n and reading off the coefficient b1 from (5.3), which leas to
b1 = am = λma1.
13
Level N congruence subgroup Γ0(N) of Γ
A level N congruence subgroup Γ0 of the modular group Γ is defined as
Γ0(N) :=
{(
α β
γ δ
)
∈ SL(2,Z)
∣∣∣∣ γ ≡ 0 (mod N)} (5.9)
There exist modular forms corresponding to Γ0(N), i.e., those that satisfy the definition (4.7)
by the matrix elements in (5.9). In terms of such modular forms a congruence subgroup of the
vector space Sk(Γ) in (4.13) is similarly defined and is conventionally denoted by Sk(Γ0(N)).
Obviously, Γ0(N) and Sk(Γ0(N)) reduce to Γ and Sk(Γ), respectively, at N = 1.
Introducing a Dirichlet character χ modulo N , we can define a relevant cusp form f(z) ∈
Sk(Γ0(N), χ) by
f
(
αz + β
γz + δ
)
= χ(δ) (γz + δ)kf(z) (5.10)
where α, β, γ, δ are matrix elements of Γ0(N). In analogy to (5.3), the action of the Hecke
operator Tm on f(z) =
∑
n≥1 anq
n ∈ Sk(Γ0(N), χ) can be defined by [10]
Tmf(z) =
∞∑
n=1
 ∑
α|(m,n)
χ(α)αk−1 amn
α2
 qn (5.11)
Suppose that f(z) ∈ Sk(Γ0(N), χ) is is a simultaneous eigenfunction of the above Hecke
operators Tm for all m = 1, 2, · · · , that is, we have Tmf(z) = λmf(z). Since Tmf(z) ∈
Sk(Γ0(N), χ) as well, we can expand it as Tmf(z) =
∑
n≥1 bnq
n. From (5.11) and the identity
of the Dirichlet character χ(1) = 1, we then find
b1 = am = λm a1 = λm (5.12)
with the normalization a1 = 1. In this case the corresponding L-function can be expressed
as
L(s, f) =
∑
m≥1
λmm
−s
=
∏
p|N
1
1− app−s
∏
p∤N
1
1− app−s + χ(p)pk−1−2s (5.13)
where, as in (5.7), p denotes the prime numbers. Notice that the Dirichlet character χ(p)
of modulo N vanishes whenever p | N ; thus we can define the above L-function simply as
L(s, f) =
∏
p(1− app−s + χ(p)pk−1−2s)−1 without splitting into factors of p | N and p ∤ N .
Hecke operators acting on the holomorphic wave function f(a)
In the previous sections we have argued that the holomorphic zero-mode wave function
f(a) in abelian Chern-Simons theory on the torus can be considered as a quantum version
of a modular from of weight 2. In the following we think of how the Hecke operator arises as
14
an action to f(a). To begin with, we recall that the gauge invariance condition (3.19) for the
zero-mode wave function leads to the relation eipilmnf(a) = f(a +m + inτ2) in (3.22). For
l ∈ 2Z, f(a) satisfies the doubly periodic condition and we can identify f(a) as a holomorphic
function defined on a complex lattice. For l being an odd integer, say l = 1, we have
f(a+m+ inτ2) = (−1)mnf(a) . (5.14)
Regarding the factor (−1)mn as a “phase” factor, we can also consider f(a) as a function on
the complex lattice. Thus the above-mentioned definition of the Hecke operator (5.1)-(5.5)
applies to f(a) as well. One of the peculiarities in f(a), distinguished from classical functions
on the torus, is given by the relation (5.14). In order to investigate quantum properties of
f(a) we fix l at l = 1, while keeping τ2 finite, in the following.
From (5.1) we see that the Hecke operator TM acting on a function f(L) on a complex lat-
tice L is defined as the sum over sublattices L′ ⊂ L of index M . In terms of the holomorphic
wave function f(a) this can be expressed as
TMf(L) =
∑
[L,L′]=M
f(L′)
−→ TMf(a) =
∑
m∈FM
∑
n∈FM
f(a+m+ inτ2)
=
∑
m,n∈FM
(−1)mnf(a) (5.15)
where we use (5.2), (5.14) and FM = Z/MZ. Naively, this means that f(a) is an eigenfunction
of the Hecke operator, TMf(a) = λMf(a) where the eigenvalue is given by
λM =
∑
m,n∈FM
(−1)mn . (5.16)
As reviewed earlier, the eigenvalue corresponds to the Fourier coefficient of f(a) and defines
the L-function of interest. Thus it is intriguing if we can compute this value. Although the
expression (5.16) suggests that λM are integers, this expression is rather intuitive and not
well-defined compared to that of (5.3). For example, the sum over m,n ∈ FM means a change
of fields for m,n since these are initially defined as integers, corresponding to the winding
numbers along α and β cycles on the torus, respectively. Within the interpretation of the
doubly periodic translations a→ a+m+ inτ2 as a combination of modular transformations,
this implies that we change the matrix elements of the modular group from integer to finite
field, i.e., SL(2,Z) → SL(2,Z/MZ). Thus, the notion of the level for f(a) naturally arises
from an interpretation of (5.16). In other words, in order to compute the value of (5.16) it
would be suitable to consider f(a) as level M cusp forms of weight 2, f(a) ∈ S2(Γ0(M)).
A speculative connection to the Legendre symbol
As a digression, we now briefly discuss a speculative idea on the interpretation of the
factor (−1)mn. The scale invariance of the zero-mode coordinate in (2.8) suggests an implicit
15
condition gcd(m,n) = 1. One of the simplest choices would be (m,n) = (p, q) where p, q are
(odd) prime numbers. Such a choice reminds us of mathematical analogies between primes
and knots [20]. Previously in [8], we argue that the factor (−1)mn acting on f(a) can be
interpreted as (−1)lk(α,β) where lk(α, β) denotes a liking number of the α and β cycles along
the torus. With the choice of (m,n) = (p, q), the linking number becomes (−1)lk(p,q). Then,
by use of mathematical analogies between linking numbers and Legendre symbols [20], we
have
(−1)lk(p,q) ←→ λp(q) (5.17)
where λp(q) denotes the Legendre symbol, with p and q being odd primes. In terms of the
conventional notation this can also be expressed as
λp(q) =
(
q
p
)
=
(
p∗
q
)
= λq(p
∗) (5.18)
where p∗ = (−1) p−12 p and we have used the reciprocity law of the Legendre symbol
(
q
p
)
=(
p∗
q
)
.
Since the Legendre symbol gives a map λp(q) : Fp → C it is natural to consider an action
of it to the holomorphic wave function f(a) in terms of its Fourier transform:
λ̂p :=
∑
q∈Fp
λp(q) e
i 2pi
p
q =
√
p∗ (5.19)
which is known as the Gauss sum. Once we choose and fix the pair (p, q) and bear in mind
the above analogies, we may speculate that the action of
∑
m,n(−1)mn on f(a) defined in
the C-space would be described by the Gauss sum or a normalized value of it. To make
this statement a bit clearer, let us compute the eigenvalues λN for the level N cusp forms
of weight 2, f(a) ∈ S2(Γ0(N)) with N being odd primes. According to [14], such cusp
forms become dimension 1 only for N = 11, 17, 19 and in each case the coefficient λN for the
corresponding L-function is given by λN = 1/
√
N . Note that these values can be read off
from a list of analytically normalized L-functions [14]. Notice also that the corresponding
coefficient aN of the q-expansion of the cusp form f(a) ∈ S2(Γ0(N)) is given by aN = 1 for
N = 11, 17, 19. Thus the factor of 1/
√
N may be interpreted as an overall normalization
factor but other coefficients λm (m 6= N) of the L-function as a Dirichlet series are expressed
as λm = Z/
√
m [14]. Thus we may not consider 1/
√
N as an overall normalization factor
for the L-functions of f(a) ∈ S2(Γ0(N)). Following the above discussion, we find that these
values (λN = 1/
√
N) may be interpreted as a normalized Gauss sum
√
N/N = 1/
√
N with
the choice of p = N∗. We have tried to develop these ideas to understand other coefficients
λm (m 6= N = 11, 17, 19) of the L-functions for f(a) ∈ S2(Γ0(N)) but, at the present, we do
not have any satisfactory explanations for these values.
Physical interpretation of the Hecke operator
In this section, we have considered how the Hecke operators act on the holomorphic
zero-mode wave function f(a) in abelian Chern-Simons theory on the torus by use of the
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relation (5.14). We first introduce the formal definition (5.1) of the Hecke operators acting
on a function on a complex lattice. Applying this definition to f(a), we find the expression
(5.15). This naturally gives rise to the notion of the level for f(a) as the modular form. As
mentioned in (3.19), the relation (5.14) arises from invariance under gauge transformations
induced by the doubly periodic translations a→ a +m+ inτ2 (m,n ∈ Z) of the zero-mode
variable a ∈ C. Therefore, from a gauge theoretic perspective, it is straightforward that
f(a) is an eigenform of the Hecke operator. In this context we can interpret the action of
the Hecke operator on f(a) as a sum of the possible gauge transformations of f(a) induced
by the doubly periodic translations. If f(a) is an eigenform of the Hecke operator, then there
automatically exits a corresponding L-function for f(a), with the Dirichlet characters (λm
in (5.13)) given by the eigenvalues of f(a). Thus it is intriguing if we can understand the
eigenvalues (5.16) from a physical perspective. We briefly sketch that part of such values
may be computed by use of mathematical analogies between linking numbers and Legendre
symbols [20].
6 Conclusion
In the previous paper [15] we show that the holomorphic zero-mode wave function f(a)
in abelian Chern-Simons theory on the torus can be considered as a quantum version of a
modular form of weight 2. Motivated by this result, in this paper we consider how a Hecke
operator acts on f(a), in hope of obtaining physical interpretations of the Hecke operators
and corresponding L-functions in number theory. The Hecke operators are formally defined
as a sum of sublattices on which modular forms in general are defined. The modular forms
can be considered as holomorphic functions on a complex lattice or a (complex) torus. Such
functions generally satisfy the doubly periodic conditions.
In the first half of this paper we review that the holomorphic wave function f(a) satisfies
the doubly periodic condition f(a) = f(a + m + inτ2) (with m,n ∈ Z and τ2 > 0) when
the level number l of the Chern-Simons theory is even. To be more precise, we show that
the gauge invariance condition (3.19) for the zero-mode wave function leads to the relation
eipilmnf(a) = f(a+m+ inτ2) in (3.22). We can then interpret f(a) as a holomorphic function
defined on the complex lattice as well, with the factor of eipilmn representing quantum effects.
Nontrivial quantum effects are given by l being an odd integer.
In the latter half of the paper, we consider an action of the Hecke operator acting on
f(a) with l = 1. From the formal definition of the Hecke operator (5.1) we argue that
the action of it on f(a) can be described as a sum of the gauge transformations of f(a)
induced by a → a + m + inτ2. In order to make sense of the resultant expression (5.15)
we also argue that the notion of the level naturally arises for f(a) as a modular form. Our
interpretation of the Hecke operator, i.e., as a sum over possible gauge transformations of
f(a), automatically indicates that f(a) is an eigenform of the Hecke operator. This, on the
other hand, guarantees the existence of the corresponding L-function for f(a) where f(a)
can be seen as a level N cusp form of weight 2, f(a) ∈ S2(Γ0(N)).
We also present a speculative idea that eigenvalues λN (with N being an odd prime)
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for such f(a) ∈ S2(Γ0(N)) may be computed by use of mathematical analogies between
linking numbers and Legendre symbols [20]. According to [14], we have dim[S2(Γ0(N))] = 1
for N = 11, 17, 19 and in these particular cases λN as the Dirichlet characters of of the
corresponding L-functions are given by λN = 1/
√
N . We observe that these values may
be interpreted as normalized versions of the Gauss sum λ̂N∗ =
√
N which can be seen as a
Fourier transform of the corresponding Legendre symbol. Unfortunately, these ideas are still
at a speculative stage but, hopefully, would shed some new light on physical approaches to
problems in number theory.
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